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MEAN CURVATURE FLOW IN SUBMANIFOLDS
HIROSHI NAKAHARA
Abstract. We obtain explicit solutions of the mean curvature flow in some subman-
ifolds of the Euclidean space. We give particularly an explicit solution of the flow of
a hypersurface in the Lagrangian self-expander L which is constructed in the article of
Joyce, Lee and Tsui and show that it converge to a minimal one.
1. Introduction
Mean curvature flow evolves the submanifolds of the riemannian manifolds in the
direction of their mean curvature vectors. The short-time existence and uniqueness of
the solution of the mean curvature flow equation was proved. The mean curvature vector
of a submanifold in a riemannian manifold is
∑
j(∇ejej)⊥ where ∇ is the Levi-Civita
connection, {ej}j is a orthonormal frame of the submanifold’s tangent bundle and ⊥ is
the orthogonal projection to the normal bundle of it. The mean curvature flow is an
important example of the changing. Sometimes the flow stops because of some singular
points. Recently the finite time singularity is focused and mean curvature flow has been
investigated since it appeared from the study of annealing metals in physics in 1956.
Many researchers study it and have found a lot of results. The mean curvature flow is
the steepest descent flow for the area functional and is described by a parabolic system of
partial differential equations. The problem area of it is geometry but it implies questions
of partial differential equations. When M0 is a hypersurface in R
n+1 and {Mt}t∈[0,ǫ) is
the solution of mean curvature flow, then, by the weak maximum principle of it (See also
[1]), we can see that if the initial manifold M0 is in an open ball B(0, r), where r > 0,
then Mt ⊂ B(0,
√
r2 − 2nt), for any t ∈ [0, ǫ). Furthermore, other properties of the mean
curvature flow in RN have been extensively studied. For example, Wang investigates
the mean curvature flow of graphs in [6] and the author constructs explicit self-similar
solutions and translating solitons for the mean curvature flow in Cn(= R2n) in his last
article [5]. Since the definition of the mean curvature vector is intricate as well as abstract,
it is difficult or impossible to find the non-trivial and explicit solution of a given initial
submanifold. However, we think of how explicit submanifolds of some concrete manifolds
move by the mean curvature flow. The author noticed that if we consider the mean
curvature flow of the hypersurfaces {s = constant} in the Lagrangian submanifold of the
form of [3, Ansatz 3.1], they may change inside themselves. The prediction is correct with
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some restriction, to be showed in this paper. In this short article we deal with the mean
curvature flow in the Lagrangian submanifold and give the explicit solutions. By the next
section of this paper we get the following Theorem 1.1 and we treat a self-similar solution
for the mean curvature flow in there. Note that we can learn self-similar solutions for the
mean curvature flow elementarily from [3] and [5], and the self-expander, which means a
self-similar solution of expanding, in the articles is an explicit product manifold Sn−1×R
in Cn. Thus in the next steps, it is natural to study the mean curvature flow of the sphere
Sn−1 inside it and Theorem 1.1.
Theorem 1.1. Let a > 0, E ≥ 1 and α ≥ 0 be constants. Define r : [0,∞) → R by
r(s) =
√
1/a+ s2 and φE : [0,∞)→ R by
φE(s) =
∫ s
0
t dt
(1/a+ t2)
√
E(1 + at2)neαt2 − 1 .
Set
ls = {(x1r(s)ei φE(s), . . . , xnr(s)ei φE(s));
n∑
j=1
x2j = 1, x1, . . . , xn ∈ R},
for s ∈ [0,∞), and
(1) L =
⋃
s∈[0,∞)
ls.
(Then, clearly, ls ⊂ L ⊂ Cn.) Fix s0 ∈ (0,∞). Suppose that f is the solution of the
following initial-value problem
(2)


df
dt
= −(n− 1) · E(1 + af
2)n − e−αf2
Es(1 + af 2)n
f(0) = s0
Then {lf(t)}t is a mean curvature flow in L. In addition, when E = 1, then L is the
Lagrangian self-expander in [3, Theorem C] and the domain of definition of f can be
extended to [0,∞), limt→∞ f(t) = 0 and l0 is a minimal hypersurface in L.
2. Results and Proofs
In order to discuss the mean curvature flow in submanifolds, firstly, we consider the
following well known Proposition. Note that, in this article, when a manifold M is a
submanifold in a riemannian manifold N, then we denote AM,N the second fundamental
form ofM in N and∇N ,∇M the Levi-Civita connections on N andM respectively. Hence
AM,N ∈ C∞(M, (TN/TM)⊗ T ∗M ⊗ T ∗M).
Proposition 2.1. Let l, L be submanifolds in Cn. Suppose that l is a submanifold in
L. Put H to be the mean curvature vector of l in L, and H¯ to be the mean curvature
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vector of l in Cn. Fix p ∈ l. Then
H(p) = H¯(p)−
∑
j
AL,Cn(ej , ej)
where {ej}j is an orthonormal basis of Tpl. Hence we can see that
H(p) = πTpL(H¯(p)),
where πTpL(H¯(p)) is the orthogonal projection of H¯(p) to TpL.
The reader can try to prove Proposition 2.1 or skip the proof below if it is already done.
Proof. From the definitions of the mean curvature vector and the second fundamental
form we have
H(p) =
∑
j
Al,L(ej , ej) =
∑
j
(∇Lejej −∇lejej) =
∑
j
(∇Cnej ej −AL,Cn(ej, ej)−∇lejej)
=
∑
j
(Al,Cn(ej, ej)−AL,Cn(ej, ej)) = H¯(p)−
∑
j
AL,Cn(ej , ej).
This finishes the proof. 
In the following Theorem 2.2, from a direct calculation, the submanifolds L are La-
grangian submanifold.
Theorem 2.2. Let I be an interval of R and w : I → C \ {0} be a smooth function.
Suppose that w˙(s) 6= 0, for any s ∈ I. Define submanifolds ls, for s ∈ I, in Cn by
ls = {(x1w(s), . . . , xnw(s));
n∑
j=1
x2j = 1, x1, . . . , xn ∈ R},
and submanifold L in Cn by
L =
⋃
s∈I
ls.
(Clearly, ls ⊂ L ⊂ Cn.) Let Hs be the mean curvature vector of ls in L. Then
(3) Hs(x1w(s), . . . , xnw(s)) = −(n− 1)Re (w¯(s)w˙(s))|w(s)|2|w˙(s)|2 ·
∂
∂s
holds, where ∂/∂s = (x1w˙(s), . . . , xnw˙(s)) ∈ T(x1w(s),...,xnw(s))L. Thus, by the definition
of the mean curvature flow, if we suppose that f is a solution of the following ordinal
differential equation
df(t)
dt
= −(n− 1)Re (w¯(f(t))w˙(f(t)))|w(f(t))|2|w˙(f(t))|2 ,
then {lf(t)}t is a mean curvature flow in L.
We notice that the following Lemma 2.3 holds and it is a lemma of Theorem 2.2.
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Lemma 2.3. Let α ∈ C \ {0} be a constant. Define a submanifold S in Cn by
S = {α(x1, . . . , xn) ∈ Cn;
n∑
j=1
x2j = 1, x1, . . . , xn ∈ R}.
Fix p ∈ S. Then
H(p) = −n− 1|α|2 p,
where H(p) is the mean curvature vector of S at p.
Proof. Let {e1, . . . , en−1} be an orthonormal basis of TpS. Let Vj be the plane which is
generated by ej and
−→
Op, where O = (0, . . . , 0) ∈ Cn. Since the intersection of S and Vj is
a circle of radius |α| with center O, we can get curves c1, . . . , cn−1 : R→ S such that
cj(0) = p, c˙j(0) = ej , c¨j(0) = − 1|α|2p,
for any j. We compute
H(p) =
n−1∑
j=1
AS,Cn(ej , ej) =
n−1∑
j=1
(
∇Cnej ej
)⊥
=
n−1∑
j=1
(c¨j(0))
⊥ =
n−1∑
j=1
(
− 1|α|2p
)⊥
= −n− 1|α|2 p,
where ⊥ is the orthogonal projection to T⊥p S. This completes the proof. 
Now we prove Theorem 2.2.
proof of Theorem 2.2. We denote by H¯s the mean curvature vector of ls in C
2. Fix
p = (x1w(s), . . . , xnw(s)) ∈ ls. By Lemma 2.3,
H¯s(p) = − n− 1|w(s)|2 (p).
By Proposition 2.1, we have
H(p) = πTpL(H¯(p)) = −
n− 1
|w(s)|2 · πTpL(p)
From a direct calculation, we can see ∂/∂s ⊥ Tpls. Hence we obtain
H(p) = − n− 1|w(s)|2 ·
p · ∂/∂s
∂/∂s · ∂/∂s ·
∂
∂s
= −(n− 1)Re (w¯(s)w˙(s))|w(s)|2|w˙(s)|2 ·
∂
∂s
.
This finishes the proof. 
Next we consider the following Remark 4 and Figure 1. If we put w1 = · · · = w1 in the
construction of the Lagrangian self-expander given by Joyce, Lee and Tsui [3, Thorem
C], then we can find a minimal hypersurface in the self-expander.
Remark 2.3.1. Let a > 0 and α ≥ 0 be constants. Define r : R → R by r(s) =√
1/a+ s2 and φ : R→ R by
φ(s) =
∫ s
0
|t|dt
(1/a+ t2)
√
(1 + at2)neαt2 − 1 .
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n
Figure 1. Remark 4
In the situation of Theorem 2.2, if we put I = R and w(s) = r(s)eiφ(s), then L is the
Lagrangian self-expander constructed in [3, Theorem C]. Then we compute
Re (w¯(s)w˙(s))
|w(s)|2|w˙(s)|2 =
Re
(
r(s)e−iφ(s)(r˙(s)eiφ(s) + irφ˙(s)eiφ(s))
)
r(s)2 · |r˙(s)eiφ(s) + ir(s)φ˙(s)eiφ(s)|2
=
r(s)r˙(s)
r(s)2 · |r˙(s) + ir(s)φ˙(s)|2
=
r(s)r˙(s)
r(s)2r˙(s)2 + r(s)4φ˙(s)2
=
s
s2 + s2/((1 + at2)neαs2 − 1)
=
1
s+ s/((1 + at2)neαs2 − 1)
=
1
s(1 + as2)neαs2/((1 + as2)neαs2 − 1)
=
(1 + as2)neαs
2 − 1
s(1 + as2)neαs2
=
(1 + as2)n − e−αs2
s(1 + as2)n
.
(4)
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By the equation (3), the last computation and L’Hoˆpital’s rule, we obtain
H0(x1w(0), . . . , xnw(0)) =− (n− 1) · Re (w¯(0)w˙(0))|w(0)|2|w˙(0)|2 ·
∂
∂s
=− (n− 1) · lim
s→0
(1 + as2)n − e−αs2
s(1 + as2)n
· ∂
∂s
=− (n− 1) · lim
s→0
n(1 + as2)n−1 · 2as + 2αse−αs2
(1 + as2)n + s · n(1 + as2)n−1 · 2as ·
∂
∂s
=~0.
(5)
Therefore, in this case, l0 is minimal in L. Secondly, the author is going to prove a general
version of the fact l0 is volume-minimizing as well as minimal in his next paper. See
also it. A bit of information is below. We can see π∗(voll0) is a calibration of L that
is described in the section 4 of [2] and that is a little difficult to prove, and l0 is the
calibrated submanifold, where π is a projection from L to l0 defined by
π(x1w1(s), . . . , xnwn(s)) = (x1w1(0), . . . , xnwn(0))
and voll0 is the volume form of l0 with respect to the induced metric of the Euclidean
metric in Cn. Note that π is well-defined. This implies that l0 is volume-minimizing as
well as minimal. In addition, without the restriction w1 = · · · = wn,the submanifold
{y = 0} is a calibrated manifold in the self-expander L [3, Thorem C].
Further we have to research the following situation.
Remark 2.3.2. Let a > 0, E > 1 and α ≥ 0 be constants. Define r : (0,∞) → R by
r(s) =
√
1/a+ s2 and φE : (0,∞)→ R by
φE(s) =
∫ s
0
t dt
(1/a+ t2)
√
E(1 + at2)neαt2 − 1 .
In the situation of Theorem 2.2, if we put I = (0,∞) and w(s) = r(s)eiφE(s), then L is
the Lagrangian self-similar solution constructed in [5, Theorem 1.3]. Now we write
∂
∂s
=(x1w˙ . . . , xnw˙)
=w˙ · (x1, . . . , xn)
=(r˙eiφE + r iφ˙Ee
iφE) · (x1, . . . , xn)
=(r˙ + r iφ˙E) · eiφE · (x1, . . . , xn).
(6)
From (4) and (6), we obtain
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Hs(x1w(s), . . . , xnw(s)) = −(n− 1)Re (w¯(s)w˙(s))|w(s)|2|w˙(s)|2 ·
∂
∂s
=
−(n− 1)rr˙
r2 · |r˙ + irφ˙E |2
· (r˙ + r iφ˙E) · eiφE · (x1, . . . , xn)
=
−(n− 1)rr˙
r2 · (r˙ − irφ˙E)
· eiφE · (x1, . . . , xn)
=
−(n− 1)s
1/a+ s2
·
(
s√
1/a+ s2
− i s√
(1/a+ s2){E(1 + as2)neαs2 − 1}
)−1
· eiφE · (x1, . . . , xn)
=
−(n− 1)
1/a+ s2
·
(
1√
1/a+ s2
− i 1√
(1/a+ s2){E(1 + as2)neαs2 − 1}
)−1
· eiφE · (x1, . . . , xn).
Therefore
lim
s→+0
Hs(x1w(s), . . . , xnw(s)) =− (n− 1)a ·
(√
a− i
√
a
E − 1
)−1
· (x1, . . . , xn)
=− (n− 1)a ·
√
a + i
√
a/(E − 1)
a + a/(E − 1) · (x1, . . . , xn)
=− (n− 1) ·
√
a + i
√
a/(E − 1)
1 + 1/(E − 1) · (x1, . . . , xn)
=− (n− 1)√a · 1 + i
√
1/(E − 1)
1 + 1/(E − 1) · (x1, . . . , xn)
=− (n− 1)√a · E − 1 + i
√
E − 1
E
· (x1, . . . , xn).
(7)
By (7), we can check
lim
E→1+0
(
lim
s→+0
Hs(x1w(s), . . . , xnw(s))
)
= ~0
which matches (5).
3. Discussion
We can also consider the mean curvature flow in product manifolds, for example, cone
manifolds, the paraboloid of revolution without the bottom point and so on, similarly to
this paper and can obtain the solutions.
References
[1] K. Ecker, Regularity theory for mean curvature flow, Birkha¨user.
[2] D. Joyce, Riemannian holonomy groups and calibrated geometry, Oxford Graduate Texts in Math-
ematics 12.
8 H. NAKAHARA
[3] D. Joyce, Y.-I. Lee and M.-P. Tsui, Self-similar solutions and translating solitons for Lagrangian
mean curvature flow, J. Differential Geom. 84 (2010), 127–161.
[4] G. Lawlor, The angle criterion, Inventiones math. 95 (1989), 437–446.
[5] H. Nakahara, Some examples of self-similar solutions and translating solitons for Lagrangian mean
curvature flow, Tohoku Mathematical Journal, Vol. 65, No. 3.
[6] M. -T. Wang, Long-time existence and convergence of graphic mean curvature flow in arbitrary
codimension, Invent. Math. 148 (2002) 3, 525–543.
Department of Mathematics
Tokyo Institute of Technology
2-21-1 O-okayama, Meguro, Tokyo
Japan
E-mail address : 12d00031@math.titech.ac.jp
